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Trends in the relative performance of floating-point arithmetic and several classes of data 
access for select HPC servers over the past 25 years. Source: John McCalpin
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• (Dense) Matrix Performance >> Vector Operation Performance
• Low Precision Performance >> High Precision Performance
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2x
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Tensor Cores for Matrix Multiplication Are on the Rise 
– Is There Any Hope for 

Sparse Operations?
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Linear System Ax=b with cond(A)≈ 107

( apache2 from SuiteSparse ) NVIDIA V100 GPU

Relative residual ~10-12

forward error ≈ ( unit round-off ) * (linear system’s condition number)

N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

Double precision GMRES
Initial residual norm 
sqrt(r^t r): 9670.36
Final residual norm 
sqrt(r^T r): 9.6639e-09
GMRES iteration count: 23271
GMRES execution time: 43801 ms

Relative residual ~10-7
Single precision GMRES
Initial residual norm 
sqrt(r^t r): 9670.36
Final residual norm 
sqrt(r^T r): 0.00175464
GMRES iteration count: 25000
GMRES execution time: 27376 ms

~2x faster!
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Tensor Cores for Matrix Multiplication Are on the Rise 
– Is There Any Hope for 

Sparse Operations?

Memory-bound operations
(sparse linear algebra)

• data access in low precision
• faster access

• recover high precision algorithmically

Compute-bound operations
(dense linear algebra)

• run arithmetic in low precision
• faster because of higher FLOP/s

• recover high precision algorithmically
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Tensor Cores for Matrix Multiplication Are on the Rise 
– Is There Any Hope for 

Sparse Operations?

Memory-bound operations
(sparse linear algebra)

• data access in low precision
• faster access

• recover high precision algorithmically

• We leave a lot compute power unused

• We may convert data to high precision and 
compute in high precision without performance loss

Compute-bound operations
(dense linear algebra)

• run arithmetic in low precision
• faster because of higher FLOP/s

• recover high precision algorithmically
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• Traditionally, we use a strong coupling between the precision 
formats used for arithmetic operations and storing data.

• Maybe this is not the right thing?

• We should compute in fp64

• Maybe we should use the free compute cycles (vector/tensor 
cores) to compress the data

• Compression / Conversion needs to happen on-the-fly
Input Compute Output
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T. Grützmacher
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Linear System Ax=b with cond(A)≈ 107

( apache2 from SuiteSparse ) NVIDIA V100 GPU

Relative residual ~10-12

forward error ≈ ( unit round-off ) * (linear system’s condition number)

N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

Double precision GMRES
Initial residual norm 
sqrt(r^t r): 9670.36
Final residual norm 
sqrt(r^T r): 9.6639e-09
GMRES iteration count: 23271
GMRES execution time: 43801 ms

Relative residual ~10-7
Single precision GMRES
Initial residual norm 
sqrt(r^t r): 9670.36
Final residual norm 
sqrt(r^T r): 0.00175464
GMRES iteration count: 25000
GMRES execution time: 27376 ms

~2x faster!
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Compressed Basis (CB-) GMRES

• Use double precision in all arithmetic operations;

• Store Krylov basis vectors in lower precision;
• Search directions are no longer DP-orthogonal;
• Hessenberg system maps solution to “perturbed” 

Krylov subspace;
• Additional iterations may be needed;
• As long as the loss-of-orthogonality is moderate, 

we should see moderate convergence degradation;

arithmetic precision    memory precision
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Linear System Ax=b with cond(A)≈ 107

( apache2 from SuiteSparse ) NVIDIA V100 GPU

Relative residual ~10-12

forward error ≈ ( unit round-off ) * (linear system’s condition number)

N. Higham: Accuracy and stability of numerical algorithms. SIAM, 2002.

Double precision GMRES
Initial residual norm 
sqrt(r^t r): 9670.36
Final residual norm 
sqrt(r^T r): 9.6639e-09
GMRES iteration count: 23271
GMRES execution time: 43801 ms

Relative residual ~10-7
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Relative residual ~10-12
Double precision GMRES
Initial residual norm 
sqrt(r^t r): 9670.36
Final residual norm 
sqrt(r^T r): 9.6639e-09
GMRES iteration count: 23271
GMRES execution time: 43801 ms

Relative residual ~10-7
Single precision GMRES
Initial residual norm 
sqrt(r^t r): 9670.36
Final residual norm 
sqrt(r^T r): 0.00175464
GMRES iteration count: 25000
GMRES execution time: 27376 ms

Relative residual ~10-12Compressed Basis GMRES
Initial residual norm 
sqrt(r^t r): 9670.36
Final residual norm 
sqrt(r^T r): 9.6591e-09
GMRES iteration count: 23271
GMRES execution time: 29369 ms

Accuracy of DP GMRES
Performance similar to SP GMRES

Linear System Ax=b with cond(A)≈ 107

( apache2 from SuiteSparse ) NVIDIA V100 GPU
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NVIDIA V100 GPU
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• CB-GMRES using 32-bit storage 
preserves DP accuracy 
(SP-GMRES does not)

NVIDIA V100 GPU
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• CB-GMRES using 32-bit storage 
preserves DP accuracy 
(SP-GMRES does not)

• Speedups problem-dependent

• Speedup ∅1.4x (for restart 100)

• 16-bit storage mostly inefficient

NVIDIA V100 GPU

af_
0_

k1
01

af_
1_

k1
01

af_
2_

k1
01

af_
3_

k1
01

af_
4_

k1
01

af_
5_

k1
01

af_
sh

ell1

af_
sh

ell1
0

af_
sh

ell2

af_
sh

ell3

af_
sh

ell4

af_
sh

ell5

af_
sh

ell6

af_
sh

ell7

af_
sh

ell8

af_
sh

ell9

ap
ac

he
2

atm
os

mod
d

atm
os

mod
j

atm
os

mod
l

atm
os

mod
m

au
dik

w_1

bo
ne

01
0

bo
ne

S10

Bum
p_

29
11

cir
cu

it5
M_d

c

Cub
e_

Cou
p_

dt6

Curl
Curl

_2

Curl
Curl

_3

Curl
Curl

_4

ec
olo

gy
1

ec
olo

gy
2

Fau
lt_

63
9

Flan
_1

56
5

G3_
cir

cu
it

Geo
_1

43
8

Hoo
k_

14
98

inli
ne

_1ldo
or

mc2
de

pi

ML_
Gee

r

pa
rab

olic
_fe

m
Sere

na ss
t2e

m

the
rm

al2

tm
t_s

ym

tm
t_u

ns
ym

Tran
sp

ort

Matrices

10 -10

10 -5

N
or

m
al

iz
ed

 re
si

du
al

 n
or

m

af_
0_

k1
01

af_
1_

k1
01

af_
2_

k1
01

af_
3_

k1
01

af_
4_

k1
01

af_
5_

k1
01

af_
sh

ell1

af_
sh

ell1
0

af_
sh

ell2

af_
sh

ell3

af_
sh

ell4

af_
sh

ell5

af_
sh

ell6

af_
sh

ell7

af_
sh

ell8

af_
sh

ell9

ap
ac

he
2

atm
os

mod
d

atm
os

mod
j

atm
os

mod
l

atm
os

mod
m

au
dik

w_1

bo
ne

01
0

bo
ne

S10

Bum
p_

29
11

cir
cu

it5
M_d

c

Cub
e_

Cou
p_

dt6

Curl
Curl

_2

Curl
Curl

_3

Curl
Curl

_4

ec
olo

gy
1

ec
olo

gy
2

Fau
lt_

63
9

Flan
_1

56
5

G3_
cir

cu
it

Geo
_1

43
8

Hoo
k_

14
98

inli
ne

_1
ldo

or

mc2
de

pi

ML_
Gee

r

pa
rab

olic
_fe

m
Sere

na ss
t2e

m

the
rm

al2

tm
t_s

ym

tm
t_u

ns
ym

Tran
sp

ort

Matrices

0

0.5

1

1.5

2

2.5

Sp
ee

du
p 

ov
er

 
G

M
R

ES
<f

p6
4,

fp
64

>

GMRES<fp64,fp64>
GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

Aliaga JI, Anzt H, Grützmacher T, Quintana-
Ortí ES, Tomás AE. Compressed basis 
GMRES on high-performance graphics 
processing units. The International Journal of 
High Performance Computing Applications. 
2022;0(0). doi:10.1177/10943420221115140

20

https://doi.org/10.1177/10943420221115140


high precision

low precision

Mixed Precision Multigrid

Stephen F. McCormick, Joseph Benzaken, Rasmus Tamstorf: Algebraic error analysis for mixed-precision multigrid solvers, https://arxiv.org/abs/2007.06614

Mike Tsai

MS3
Linear Solvers in Large Distributed 
Applications - Part I of III

21
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high precision

low precision
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high precision

low precision
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high precision

low precision

Mike Tsai

YHM Tsai, N Beams, H Anzt
Mixed Precision Algebraic Multigrid on GPUs
International Conference on Parallel Processing 
and Applied Mathematics, 113-125, 2022

Natalie Beams
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Input Compute Output
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double

single

half

half

DP-SP-HP

double

single

single

single

DP-SP
vector matrix

YHM Tsai, N Beams, H Anzt
Three-precision algebraic multigrid on 
GPUs Future Generation Computer 
Systems 149, 280-293, 2023.

Mike Tsai Natalie Beams
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• Preconditioning iterative solvers

• Idea: Approximate inverse of system matrix to make the system “easier to solve”:

and solve                                                                                             .

• Block-Jacobi preconditioner is based on block-diagonal scaling:

• Each block corresponds to one (small) linear system.

• Larger blocks typically improve convergence.

• Larger blocks make block-Jacobi more expensive.

• Why should we store the preconditioner matrix          in full (high) precision? 

• Use the accessor to store the inverted diagonal blocks in lower precision.

• Be careful to preserve the regularity of each inverted diagonal block!

Ax = b , P�1Ax = P�1b , Ãx = b̃
<latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit>

P�1 ⇡ A�1
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P = diagB(A)
<latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit>

Data	Accessor
Lossy Compression
• Low	precision
• Custom	formats
• ZFP,	SZ,	…

Compressed	Data

IEEE	754	DP

Memory

Processing	Units

Memory	Operations

Arithmetic	Operations

Lossless	Compression
• Huffman	encoding
• LZ77,	LZ78
• …

P�1
<latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="BEMzmEWmgoiOphLrClNLdHTTYCg=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuLHMuNGl4MblCPYB7VgyaaaNzSRDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch9544k8Ki7397pY3Nre2d8m5lr7p/cFg7qraszg3jTaalNp2YWi6F4k0UKHknM5ymseTteHw7y9vP3Fih1QNOMh6ldKhEIhhFZ7XCx+IimPZrdb/hz0XWIVhCHZYK+7Wv3kCzPOUKmaTWdgM/w6igBgWTfFrp5ZZnlI3pkHcdKppyGxXzaafkzDkDkmjjjkIyd3+/KGhq7SSN3c2U4siuZjPzv6ybY3IdFUJlOXLFFh8luSSoyWx1MhCGM5QTB5QZ4WYlbEQNZegKqrgSgtWV16F12Qj8RnDvQxlO4BTOIYAruIE7CKEJDJ7gBd7g3dPeq/exqKvkLXs7hj/yPn8A1TiNYg==</latexit><latexit sha1_base64="w156NBr6Y47Z3n9Qpf3wSvTl1dM=">AAAB4nicbZBLSwMxFIXv+Ky1anXrJlgENw6J4GsnuHFZwT6gHUsmTdvYTDIkGaEM/Q9uXCjij3LnvzF9gFo9EPg4JyH3njiVwjqMP4Ol5ZXVtfXCRnGztLW9U94t1a3ODOM1pqU2zZhaLoXiNSec5M3UcJrEkjfi4fUkbzxyY4VWd26U8iihfSV6glHnrXr1Pj8m4065gsNTTC7PCMIhnuobyBwqMFe1U/5odzXLEq4ck9TaFsGpi3JqnGCSj4vtzPKUsiHt85ZHRRNuo3w67RgdeqeLetr4oxyauj9f5DSxdpTE/mZC3cAuZhPzv6yVud5FlAuVZo4rNvuol0nkNJqsjrrCcObkyANlRvhZERtQQ5nzBRV9CWRx5b9QPwkJDskthgLswwEcAYFzuIIbqEINGDzAE7zAa6CD5+BtVtdSMO9tD34peP8C9OCNeA==</latexit><latexit sha1_base64="qcs7j+kakYO5hoDmC/YOQHTrb0U=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBHcWBLB167gxmUF+4B2LJk008ZmJkOSEcrQf3DjQhG3/o87/8a0HVCrBy4czrmXe+8JEimMxfjTW1hcWl5ZLawV1zc2t7ZLO7sNo1LNeJ0pqXQroIZLEfO6FVbyVqI5jQLJm8HwauI3H7g2QsW3dpRwP6L9WISCUeukRu0uOybjbqmMK6eYXJ4RhCt4im9CclKGHLVu6aPTUyyNeGyZpMa0CU6sn1FtBZN8XOykhieUDWmftx2NacSNn02vHaNDp/RQqLSr2KKp+nMio5ExoyhwnRG1AzPvTcT/vHZqwws/E3GSWh6z2aIwlcgqNHkd9YTmzMqRI5Rp4W5FbEA1ZdYFVHQhkPmX/5LGSYXgCrnB5SrO4yjAPhzAERA4hypcQw3qwOAeHuEZXjzlPXmv3tusdcHLZ/bgF7z3LxYhjro=</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit>

Mixed Precision Preconditioning

30



+ Regularity preserved;

+ Flexibility in the accuracy;

+ ”Not a low precision preconditioner”

+ Preconditioner is a constant operator;

+ No flexible Krylov solver needed ;

- Overhead of the precision detection 

(condition number calculation);

- Overhead from storing precision information

(need to additionally store/retrieve flag);

- Speedups / preconditioner quality problem-dependent;

• Choose how much accuracy of the preconditioner
should be preserved in the selection of the storage format.

• All computations use double precision, 
but store blocks in lower precision.
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NVIDIA A100 GPU

Flegar, Anzt, Cojean, Quintana-Orti. 
”Customized-Precision Block-Jacobi 
Preconditioning for Krylov Iterative Solvers on 
Data-Parallel Manycore Processors”. TOMS, 
2021.

35



• The performance is limited by the bandwidth

• Hardware increasingly features powerful matrix 
engines

• We should use these ”free” FLOP/s

• One strategy is to use lossy/lossless data 
compression for memory operations and 
communication

• We need efficient need on-chip data compression

Can mixed precision accelerate Sparse Solvers? 
– Yes, but we have to work harder…

NVIDIA Tensor Core operation. 36



We have no standard for sparse operations

cuSPARSE, rocSPARSE, oneAPI, PETSc, Trilinos… 
all have different interfaces & functionality

We try to define an interface that allows for horizontal 
and vertical compatibility:
• Useful as building blocks for high-level algorithms
• Vendors can wrap their current interface
• Horizontal: bindings for Fortran, C, …

SparseBLAS workshop

https://icl.utk.edu/workshops/sparseblas2023/index.html

Next week:
https://icl.utk.edu/workshops/sparseblas2024/index.html

Want to participate in the discussion 
– reach out hanzt@icl.utk.edu
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Memory Accessor for NVIDIA A100 GPU
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