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MPK computes 𝐴!𝑥, 
where 𝐴 is a sparse 
matrix. It is a hotspot in 
many iterative solvers.

State-of-the-art MPK
Can we 
accelerate 
MPK? = *𝐴

= *𝐴

= *𝐴

• Back-to-back 
SpMVs (𝐴𝑥
operation).

• SpMV is 
memory-bound.

• Load matrix 𝐴
from memory 𝑝
times.

Compute 𝑨𝟑𝒙

Same  matrix
𝐴 used for all 
SpMVs.

Can I cache 
matrix 𝐴?
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SpMV on 
blocks

Depend
encies • Challenging on 

general matrix [1].

• Halo overhead ∝
parallelism [2].

L

Cache blocking MPK using RACE

RACE can
resolve these
problems [3].
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• Blocks for 
caching 
determined 
using breadth 
first search 
(BFS) levels.

• High data 
locality.

• Levels are self-
aware of SpMV
dependencies.

Highlights

Algebraic

No halo 
overhead
Hardware-

aware

• Level groups (LG) formed 
from BFS levels to reduce 
synchronization.

• Point-to-point 
synchronization instead of 
global barriers.

High 
efficiency

Analytical formula for LG:
12× 𝑝 + 1 ×𝑁!" 𝑇 𝑖 𝑏𝑦𝑡𝑒𝑠 < 𝐶

Cache size𝐴!𝑥 Size of LG Hardware
Application

• Recursion, if 
required, to fit 
levels into cache.

Performance of RACE MPK

𝑠-step GMRES solver
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M
em

Traffic reduces 
due to cache 

blocking.

Pre-processing cost ≈30-50 SpMVs

Generate Krylov
subspace

//setup
for j=0:s:m-1

MPK; //𝑨𝒔𝒙
Ortho;

end for
//cleanup

𝒦 𝐴, 𝑏 = 𝑠𝑝𝑎𝑛
{𝑏, 𝐴𝑏, 𝐴!𝑏,… , 𝐴"𝑏}
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Influence of 
𝑝 on perf. 

Flan_1565, 
ICL

s = 4,m = 50,
Ortho: ICGS+TSQR

Belos
library [4]

0

0.2

0.4

0.6

0.8

1
2

4

4
4

4

4
4

4

N
or
m
al
iz
ed

ti
m
e

N
or

m
al

iz
ed

 ti
m

e

G3
cir
cui

t

the
rm

al2

Tra
nsp

ort

Fa
ult

639

Em
ilia

923

af
she

ll10

ML Ge
er

Fla
n 156

5

0

0.2

0.4

0.6

0.8

1
3 3 4

4
4 4

4 4

N
or
m
al
iz
ed

ti
m
e

N
or

m
al

iz
ed

 ti
m

e

1.3× avg. speedup

1.2× avg. speedup

In
te

l I
ce

la
ke

83
68

AM
D 

Ep
yc

76
62

Ortho à
BLAS

AMD:  
BLAS 
bottleneck.

Integration to solvers and preconditioners.

Baseline: MPK

Baseline: Ortho

Baseline: Misc

RACE: MPK

RACE: Ortho

RACE: Misc

Combining preconditioners with MPK

Belos 𝑠-step GMRES
Ifpack2 [4] GS2 (𝛾 = 2) precon
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0

0.2

0.4

0.6

0.8

1
1

1
2

4 4

4

2
2

N
or
m
al
iz
ed

ti
m
e

N
or

m
al

iz
ed

 ti
m

e
N

or
m

al
iz

ed
 ti

m
e

1.35× avg. speedup

Two-stage 
Gauss-Seidel [5] (GS2)

Consider 
dependencies 
between multiple 
operations for 
cache blocking.
𝑀!" → 𝐴𝑀!" →
𝑀!"𝐴𝑀!" → ⋯

Ortho cost 
reduces. 

Polynomial 
preconditioners 
are perfect for 
MPK.

GMRES polynomial 
precon [6] -Belos

𝑀!"𝑥 = ℘ 𝐴 = 𝜆#
+𝜆"𝐴𝑥 + 𝜆$𝐴$𝑥 +⋯

It requires high 
power in MPK è
RACE extremely 
effective.
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Jacobi + Polynomial 
preconditioner (deg 80)

Algebraic multigrid (AMG) Showcase: Nalu-Wind

Use of RACE does not change convergence. Bitwise accurate.
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S
Smoother 
involves repeated 
application of the 
same operation. 
è RACE can block 
the operation in cache.

Muelu
library [4]

SA-AMG with
Chebyshev smoother
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RACE 
applied 
only to 
finest 
level.
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Baseline: AMG

Baseline: SpMV

Baseline: Ortho

Baseline: Misc

RACE: AMG

RACE: SpMV

RACE: Ortho
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1.3× avg. speedup

For small 
matrices, only 
few iterations.
è RACE’s 
pre-processing 
cost cannot be      
aamortized.

Nalu-Wind [7] is a 
CFD code used for 
simulation of wind 
turbines. 
Nalu-Wind solves 
Navier-Stokes 
equation on an 
unstructured grid.

Outlook
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Solving largest linear system 
of equation in Nalu-Wind, i.e., 
momentum equation,  with 
various preconditioners.

RACE MPK very effective: 
up to 4x speedup.

Benefits various iterative 
solvers.

Can be combined with 
preconditioners.

Adds another dimension 
to solver tuning.
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Distributed MPI parallel 
version coming soon   

(Q3 2023).

Feasibility study on GPUs 
under progress.
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