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Agenda
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• SpMV introduction

• Performance modeling of SpMV

• Symmetric SpMV (𝐴𝐴 = 𝐴𝐴𝑡𝑡)

• Sparse matrix power (𝑦𝑦 = 𝐴𝐴𝑝𝑝 𝑥𝑥)

• Applications
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SpMV
SpMV: Multiplication of a sparse matrix (A) with a dense vector (x)

+ •

y(:) A(:,:) x(:)

=

y(:)

301.02.2022
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SpMV

+ •

y(:) A(:,:) x(:)

=

y(:)

• Easy to parallelize

• Many sparse data format for A(:,:)
• CRS, COO, ELLPACK, SELL-C-σ, SELL-P, …

4

• This talk: Node-level (CPU) implementation of SpMV for „large“ matrices

Some indirect 
addressing (irregular 
accesses) required 

01.02.2022



R.W. Hockney and I.J. Curington: Parallel Computing 10, (1989).  DOI: 10.1016/0167-8191(89)90100-2
S. Williams: UCB Tech. Re. No. UCB/EECS-2008-164. PhD thesis (2008)

Gropp et al.: ParCFD1999. https://wgropp.cs.illinois.edu/bib/papers/pdata/1999/pcfd99/gkks.ps
Kreutzer et al.: SIAM SISC 36(5), C401–C423 (2014). DOI: 10.1137/130930352,

SpMV Performance Model –
A roofline type approach

𝑷𝑷𝑺𝑺𝑺𝑺𝑺𝑺𝑺𝑺 = �𝒃𝒃𝑺𝑺
𝑩𝑩𝑪𝑪

http://dx.doi.org/10.1016/0167-8191(89)90100-2
https://wgropp.cs.illinois.edu/bib/papers/pdata/1999/pcfd99/gkks.ps
http://dx.doi.org/10.1137/130930352
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SpMV with CRS – performance model

6

do i = 1, Nr
do j = row_ptr(i), row_ptr(i+1) - 1 
y(i) = y(i) + val(j) * x(col_idx(j)) 

enddo
enddo

• Highly memory-bound kernel

real*8    val[Nnz]
integer*4 col_idx[Nnz]
integer*4 row_ptr[Nr]
real*8    y[Nr]
real*8    x[Nr]

A(:,:)

12 𝑁𝑁𝑛𝑛𝑛𝑛 + 20 𝑁𝑁𝑟𝑟 + 8 𝑁𝑁𝑟𝑟
2 Nnz

𝐵𝐵
𝐹𝐹

=
12 + 20/Nnzr+ 8/Nnzr

2
𝐵𝐵
𝐹𝐹

𝐵𝐵𝐶𝐶,𝑚𝑚𝑚𝑚𝑛𝑛 =

= •

y(:) A(:,:) x(:)

Nonzeros per 
row (𝑁𝑁𝑛𝑛𝑛𝑛𝑟𝑟 = �𝑁𝑁𝑛𝑛𝑛𝑛

𝑁𝑁𝑟𝑟)  

Lower bound for 𝐵𝐵𝐶𝐶,𝑚𝑚𝑚𝑚𝑛𝑛 = 6 B
F
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SpMV with CRS – performance model

7

do i = 1, Nr
do j = row_ptr(i), row_ptr(i+1) - 1 
y(i) = y(i) + val(j) * x(col_idx(j)) 

enddo
enddo

• Highly memory-bound kernel

12 + 20/Nnzr+ 8/Nnzr

2
𝐵𝐵
𝐹𝐹

𝐵𝐵𝐶𝐶,𝑚𝑚𝑚𝑚𝑛𝑛 =

12 + 20/Nnzr+ 8α
2

𝐵𝐵
𝐹𝐹

𝐵𝐵𝐶𝐶 𝛼𝛼 =

= •

y(:) A(:,:) x(:)

01.02.2022

Parameter (𝛼𝛼) quantifies
additional traffic for 𝑥𝑥
(irregular access)

𝛼𝛼 ≥ �1
𝑁𝑁𝑛𝑛𝑛𝑛𝑟𝑟



SpMV node performance model – CLX-AP

Intel Xeon Platinum 9242 
24c@2.8GHz (turbo)

𝑏𝑏𝑆𝑆 = 122 𝐺𝐺𝐵𝐵/𝑠𝑠

6
B
F
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SpMV node performance model – CLX-AP
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SpMV: optimizations
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Highly memory bound

Reduce data traffic

Symmetry Matrix power
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Symmetry (𝐴𝐴𝑇𝑇= 𝐴𝐴)

Need to access only 
upper triangular part

Lower data traffic

1201.02.2022



Symmetric SpMV – serial execution
 Store only upper (lower) triangular part of symmetric sparse matrix

 Improve code balance by up to 2x

do i = 1, Nr
do j = row_ptr(i), row_ptr(i+1) - 1 
y(i) = y(i)+ val(j) * x(col_idx(j)) 
y(col_idx(j)) = y(col_idx(j)) + val(j) * x(j) 
enddo
enddo

𝐵𝐵𝐶𝐶 =
𝟏𝟏𝟏𝟏 + 20/Nnzr+ 8 𝛼𝛼

𝟏𝟏
𝐵𝐵
𝐹𝐹

𝐵𝐵𝐶𝐶
𝑠𝑠𝑠𝑠𝑚𝑚 =

𝟏𝟏𝟏𝟏 + 4/Nnzr
sym+ 24 𝛼𝛼𝑠𝑠𝑠𝑠𝑚𝑚

𝟒𝟒
𝐵𝐵
𝐹𝐹
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Symmetric SpMV – parallelisation: write conflicts
#pragma omp parallel for
do i = 1, Nr
do j = row_ptr(i), row_ptr(i+1) - 1 
y(i) = y(i)+ val(j) * x(col_idx(j)) 
y(col_idx(j)) = y(col_idx(j)) + val(j) * x(j) 
enddo
enddo

Thread 1
Thread 2

NHR PerfLab Seminar                                                                          Christie Alappat
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Symmetric SpMV – parallelisation approaches
 Technical solutions (OpenMP)

 Locks ( omp_set_lock(&lock))
 Thread-local copies of result vector ( reduction(C(:):+)) 

 Special data formats
 Compressed Sparse Blocks [1]
 Recursive Sparse Blocks [2]

[1] Buluç et al., Parallel sparse matrix-vector and matrix-transpose-vector multiplication using compressed sparse blocks. SPAA‘09, 2009, 
https://doi.org/10.1145/1583991.1584053

[2] Michele Martone, Efficient multithreaded untransposed, transposed or symmetric sparse matrix–vector multiplication with the Recursive Sparse
Blocks format, Parallel Computing, 2014, https://doi.org/10.1016/j.parco.2014.03.008

Block partitioning of audikw_1 
matrix for 16 threads as done 
by RSB. Picture source [2].

1501.02.2022

https://doi.org/10.1145/1583991.1584053
https://doi.org/10.1016/j.parco.2014.03.008


NHR PerfLab Seminar                                                                          Christie Alappat

Symmetric SpMV – parallelisation approaches

 Coloring (distance 2) of undirected graph (representing symmetric sparse
matrix)

 Benefits
 Need no change in data storage format
 No locking or thread private vectors. 

Commonly used strategy Gauss-
Seidel, ICCG or KACZ [3] 

[1] M. T. Jones and P. E. Plassmann, Scalable iterative solution of sparse linear systems, https://doi.org/10.1016/0167-8191(94)90004-3

[2] Iwashita et al., Algebraic block multi-color ordering method for parallel multi-threaded sparse triangular solver in iccg method, https://doi.org/10.1109/IPDPS.2012.51

[3] Galgon et al., On the parallel iterative solution of linear systems arising in the feast algorithm for  computing inner eigenvalues,. https://doi.org/10.1016/j.parco.2015.06.005

 Existing methods
 Multicoloring [1]
 ABMC [2]

1601.02.2022

https://doi.org/10.1016/0167-8191(94)90004-3
https://doi.org/10.1109/IPDPS.2012.51
https://doi.org/10.1016/j.parco.2015.06.005
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Repeatedly accessing 
complete vectors 

=> 𝛼𝛼𝑠𝑠𝑠𝑠𝑚𝑚 may increase!

Thread 1

Symmetric SpMV – thread level parallelisation: MC 

𝐵𝐵𝐶𝐶
𝑠𝑠𝑠𝑠𝑚𝑚 =

12 + 4/𝑁𝑁𝑛𝑛𝑛𝑛𝑟𝑟
𝑠𝑠𝑠𝑠𝑚𝑚+ 24 𝜶𝜶𝒔𝒔𝒔𝒔𝒔𝒔

4
𝐵𝐵
𝐹𝐹

Thread 2

Thread 3
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Symmetry (𝐴𝐴𝑡𝑡= 𝐴𝐴)
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Memory traffic

Performance analysis of SymmSpMV on one socket of 
Intel Xeon Gold 6148

Solution:

RACE
Hardware Friendly Coloring

RLM

SymmSpMV + MC SymmSpMV + ABMC SpMV

Spin-26 matrix
Nr = 10,400,600
Nnz = 145,608,400

18

Alappat et al., A Recursive Algebraic
Coloring Technique for Hardware-efficient
Symmetric Sparse Matrix-vector
Multiplication. ACM Trans. Parallel 
Comput., 2020, 
DOI:https://doi.org/10.1145/3399732

01.02.2022
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Sample Stencil Matrix and its graph representation
Symmetric Matrix (Stencil) Undirected Graph

01.02.2022
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RACE

144321 15…

levels

2001.02.2022
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RACE

144321 15…

levels

2 4

When updating level 3, indirect
accesses on levels 3, 2 and 4

2101.02.2022
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RACE

144321 15… levels5 6 7

Thread 1 Thread 2Thread 1 Thread 2

Load imbalance

Thread n

22

Therefore, a load balancing
is typically required

01.02.2022
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Symmetry (𝐴𝐴𝑡𝑡= 𝐴𝐴)
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Memory traffic

Performance analysis of SymmSpMV on one socket of 
Intel Xeon Gold 6148

SymmSpMV + MC SymmSpMV + ABMC SpMV

Spin-26 matrix
Nr = 10,400,600
Nnz = 145,608,400

SymmSpMV + RACE

2301.02.2022
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Symmetry: Performance
CPU

Intel Xeon Gold 6148
20 cores

0

0,2

0,4

0,6

0,8

1

1,2

1,4

1,6

1,8
Avg. Speedup

RACE ABMC
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Symmetry: Performance
CPU

Intel Xeon Gold 6148
20 cores

0

0,2

0,4

0,6

0,8

1

1,2

1,4

1,6
Avg. Speedup

RACE-SymmSpMV
MKL-SpMV
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SpMV: optimizations using RACE

Highly memory bound

Reduce data traffic

Symmetry Matrix power

• Problem dependent • Algorithm dependent

• Focus - getting 
parallelism

• Focus - caching matrix 
entries

2601.02.2022



do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

NHR PerfLab Seminar                                                                          Christie Alappat

Matrix power
y(:,0) y(:,1) y(:,2) y(:,3)

𝐴𝐴2𝑥𝑥 𝐴𝐴3𝑥𝑥𝐴𝐴𝑥𝑥𝑥𝑥

SpMV SpMV SpMV

27

 Calculate: 𝑦𝑦 = 𝐴𝐴𝑝𝑝𝑥𝑥
 Repeatedly perform back to back SpMV

01.02.2022



Matrix view
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4321 …5 64321 …5 6

Calculate 𝑦𝑦 = 𝐴𝐴3𝑥𝑥 Traditional approach

•

𝑥𝑥

=

𝐴𝐴𝑦𝑦1

𝑦𝑦1 = 𝐴𝐴 𝑥𝑥

Level view

Matrix power

2801.02.2022



Matrix view

NHR PerfLab Seminar                                                                          Christie Alappat

4321 …5 64321 …5 6

Calculate 𝑦𝑦 = 𝐴𝐴3𝑥𝑥

•

𝑦𝑦1

=

𝐴𝐴𝑦𝑦2

𝑦𝑦2 = 𝐴𝐴2𝑥𝑥

Level view

4321 …5 64321 …5 6𝑦𝑦1 = 𝐴𝐴 𝑥𝑥

Traditional approach

Matrix power

2901.02.2022



Matrix view
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4321 …5 64321 …5 6

Calculate 𝑦𝑦 = 𝐴𝐴3𝑥𝑥

•

𝑦𝑦2

=

𝐴𝐴𝑦𝑦
Level view

4321 …5 64321 …5 6𝑦𝑦1 = 𝐴𝐴 𝑥𝑥

4321 …5 64321 …5 6

Matrix accessed 3 times from Memory

Traditional approach

Matrix power

30

𝑦𝑦2 = 𝐴𝐴2𝑥𝑥

𝑦𝑦3 = 𝐴𝐴3𝑥𝑥

01.02.2022



 If A reused, code balance improves by up to p times

 Calculate: 𝑦𝑦 = 𝐴𝐴𝑝𝑝𝑥𝑥
 Repeatedly perform back to back SpMV

do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

𝐵𝐵𝐶𝐶 =
𝟏𝟏𝟏𝟏 + 4/Nnzr+ 16/Nnzr+ 8𝛼𝛼

𝟏𝟏
𝐵𝐵
𝐹𝐹
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Matrix power
y(:,0) y(:,1) y(:,2) y(:,3)

𝐴𝐴2𝑥𝑥 𝐴𝐴3𝑥𝑥𝐴𝐴𝑥𝑥𝑥𝑥

SpMV SpMV SpMV

Same matrix A for all k

𝐵𝐵𝐶𝐶
𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑟𝑟 =

(𝟏𝟏𝟏𝟏 + 4/Nnzr)/p + 16/Nnzr+ 8𝛼𝛼
𝟏𝟏

𝐵𝐵
𝐹𝐹

3101.02.2022



NHR PerfLab Seminar                                                                          Christie Alappat

RACE

144321 15… 𝐴𝐴𝑥𝑥5 6 7

144321 15… 𝐴𝐴2𝑥𝑥5 6 7

144321 15… 𝐴𝐴3𝑥𝑥5 6 7

32

do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

01.02.2022
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RACE
do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

144321 15… 𝐴𝐴𝑥𝑥5 6 7

144321 15… 𝐴𝐴2𝑥𝑥5 6 7

144321 15… 𝐴𝐴3𝑥𝑥5 6 7

Do not pollute the cache reuse all loaded elements

When updating level 1, indirect
accesses also go to level 2

3301.02.2022
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RACE

144321 15… 𝐴𝐴𝑥𝑥5 6 7

144321 15… 𝐴𝐴2𝑥𝑥5 6 7

144321 15… 𝐴𝐴3𝑥𝑥5 6 7

When updating level 2, indirect
accesses also go to levels 1 and 3

34

do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

01.02.2022



NHR PerfLab Seminar                                                                          Christie Alappat

RACE

144321 15… 𝐴𝐴𝑥𝑥5 6 7

144321 15… 𝐴𝐴2𝑥𝑥5 6 7

144321 15… 𝐴𝐴3𝑥𝑥5 6 7
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do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

01.02.2022
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RACE

144321 15… 𝐴𝐴𝑥𝑥5 6 7

144321 15… 𝐴𝐴2𝑥𝑥5 6 7

144321 15… 𝐴𝐴3𝑥𝑥5 6 7

36

do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

01.02.2022
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RACE

144321 15… 𝐴𝐴𝑥𝑥5 6 7

144321 15… 𝐴𝐴2𝑥𝑥5 6 7

144321 15… 𝐴𝐴3𝑥𝑥5 6 7

37

do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

01.02.2022
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RACE

144321 15… 𝐴𝐴𝑥𝑥5 6 7

144321 15… 𝐴𝐴2𝑥𝑥5 6 7

144321 15… 𝐴𝐴3𝑥𝑥5 6 7

38

do k = 1, p
y(:, k) = SpMV(A, y(:,k-1))
enddo

01.02.2022



Matrix view
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4321 …5 64321 …5 6

Calculate 𝑦𝑦 = 𝐴𝐴3𝑥𝑥

•

𝑦𝑦2

=

𝐴𝐴𝑦𝑦

y = 𝐴𝐴3𝑥𝑥

Level view

4321 …5 64321 …5 6𝑦𝑦1 = 𝐴𝐴 𝑥𝑥

4321 …5 64321 …5 6𝑦𝑦2 = 𝐴𝐴2𝑥𝑥

Matrix accessed 1 time from Memory

RACE approach

Matrix power
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: Performance
Intel Xeon Platinum 
8368 (Ice Lake)
• 38 cores
• 104 MB cache 

(L2+L3)

0

0,5

1

1,5

2

2,5
Avg. Speedup

RACE Traditional

Matrix power
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: Performance

0
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1,5
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3

3,5

4
Avg. Speedup

RACE Traditional

Matrix power
AMD EPYC 7662
(ROME)
• 64 cores
• 288 MB cache 

(L2+L3)

4101.02.2022
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: ApplicationsMatrix power

• Chebyshev time propagation

• Exponential integrators

• Polynomial preconditioning

Matrix polynomial

• 𝑠𝑠-step GMRES

• 𝑠𝑠-step CG

𝑠𝑠-step Krylov solvers

4201.02.2022
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𝑠𝑠-step GMRES solver with RACE (preliminary results)

43
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• 𝑠𝑠-step Belos GMRES 
solver using Tpetra

• 1000 iterations

• 1 socket (32 c) of Intel 
8358 CPU

• No preconditioners

• p=4 set in MPK

20%

40%
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GMRES polynomial preconditioning with RACE (preliminary results)

44
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Conclusion

 Exploit symmetry: 𝐴𝐴 = 𝐴𝐴𝑡𝑡

 Many problems in physics, chemistry, engineering
 Problem: Efficient parallelisation

 Cache blocking for Sparse Matrix Power kernels: 𝑦𝑦 = 𝐴𝐴𝑝𝑝 𝑥𝑥
 Matrix polynomials, 𝑠𝑠-step Krylov Methods,…
 Problem: Caching of matrix elements

 We used a common level-based framework RACE to improve code balance

 Performance benefit of 1.5 – 4x
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Questions



NHR PerfLab Seminar                                                                          Christie Alappat

SpMV: optimizations using RACE
Highly memory bound

Reduce data traffic

Symmetry Matrix power

Problem dependent Algorithm dependent
e.g., matrix powers

https://github.com/RRZE-HPC/RACE.gitRACE
Hardware Friendly Coloring

Available

Alappat et al., A Recursive Algebraic Coloring Technique for Hardware-
efficient Symmetric Sparse Matrix-vector Multiplication. ACM Trans. 
Parallel Comput., 2020, DOI:https://doi.org/10.1145/3399732

4701.02.2022



NHR PerfLab Seminar                                                                          Christie Alappat

RACE matrix power pre-processing cost

Intel Ice Lake AMD ROME
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RACE matrix power data transfer

Intel Ice Lake AMD ROME
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RACE

4321 5 6 7 111098

Load balancing

More than two levels since levels are small

Just sufficient levels to maintain dependency
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: ApplicationsMatrix power
• Multiple SpMV in the algorithm
• Other kernels can appear in between

the SpMVs

do i = 1, k
y(:, i) = SpMV(A, y(:,i-1))
y(:, i) = a*y(:, i) + x(:,i)
enddo

An example algorithm that can use MPK
• But, no kernels that require global 

communication

do i = 1, k
y(:, i) = SpMV(A, y(:,i-1))
norm_y = norm(y(:, i))
y(:, i)= norm_y*x(:,i)
enddo

• Chebyshev time propagation
• Exponential integrators
• Polynomial preconditioning

Matrix polynomial

• 𝑠𝑠-step GMRES
• 𝑠𝑠-step CG

𝑠𝑠-step Krylov solvers
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Chebyshev time propagation
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Information on test matrices (1)

C. Alappat, et al. (2020). A Recursive Algebraic Coloring
Technique for Hardware-efficient Symmetric Sparse Matrix-
vector Multiplication. ACM TOPC 7, 3, Article 19 (August 
2020). DOI: https://doi.org/10.1145/3399732
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https://doi.org/10.1145/3399732
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