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• Compute	performance	grows	faster	than	memory	bandwidth.
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AI = MB
<latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit>

Pe
rf
or
m
an
ce

Trends in the HPC Landscape

5/18/21

Arithmetic	Intensity	[FLOP	/	value]

5



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Compute	performance	grows	faster	than	memory	bandwidth.
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Alg.	1

• Communication	is	the	new	bottleneck!
• The	memory	wall	endangers	continued	 performance	growth.

AI = MB
<latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit>AI = MB

<latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit><latexit sha1_base64="R4CAkpWQW8eSZsplia93PDHGrL0=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF1JmRNCNUHWjC6GCfUA7lEyaaUOTzJBkhDIMbvwVNy4UcetXuPNvzLQjaOuBwMk593LvPX7EqNKO82UV5uYXFpeKy6WV1bX1DXtzq6HCWGJSxyELZctHijAqSF1TzUgrkgRxn5GmP7zM/OY9kYqG4k6PIuJx1Bc0oBhpI3XtnQ5HeiB5cn6dwjP487u5SLt22ak4Y8BZ4uakDHLUuvZnpxfimBOhMUNKtV0n0l6CpKaYkbTUiRWJEB6iPmkbKhAnykvGJ6Rw3yg9GITSPKHhWP3dkSCu1Ij7pjJbUU17mfif1451cOolVESxJgJPBgUxgzqEWR6wRyXBmo0MQVhSsyvEAyQR1ia1kgnBnT55ljSOKq5TcW+Py9XDPI4i2AV74AC44ARUwRWogTrA4AE8gRfwaj1az9ab9T4pLVh5zzb4A+vjG6iBlt8=</latexit>

Pe
rf
or
m
an
ce

Trends in the HPC Landscape

5/18/21

Arithmetic	Intensity	[FLOP	/	value]

6



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Traditionally,	we	use	a	strong	coupling	between	the	precision	
formats	used	for	arithmetic	operations	and	storing	data.

• The	arithmetic	operations	are	free,	use	high	precision	formats.

• Data	access	should	 be	as	cheap	as	possible,	reduced	precision.

Arithmetic	Intensity	[FLOP	/	value]

Peak	performance

Alg.	1

AI = MB
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• Communication	is	the	new	bottleneck!
• The	memory	wall	endangers	continued	 performance	growth.



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Traditionally,	we	use	a	strong	coupling	between	the	precision	
formats	used	for	arithmetic	operations	and	storing	data.

• The	arithmetic	operations	are	free,	use	high	precision	formats.

• Data	access	should	 be	as	cheap	as	possible,	reduced	precision.

Arithmetic	Intensity	[FLOP	/	value]

Peak	performance
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• Communication	is	the	new	bottleneck!
• The	memory	wall	endangers	continued	 performance	growth.

Pushing the Roofline



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Traditionally,	we	use	a	strong	coupling	between	the	precision	
formats	used	for	arithmetic	operations	and	storing	data.

• The	arithmetic	operations	are	free,	use	high	precision	formats.

• Data	access	should	 be	as	cheap	as	possible,	reduced	precision.

Arithmetic	Intensity	[FLOP	/	value]

Peak	performance

Alg.	1

AI = MB
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• Communication	is	the	new	bottleneck!
• The	memory	wall	endangers	continued	 performance	growth.

Pushing the Roofline



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Accessor for NVIDIA A100 GPU
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Accessor for NVIDIA A100 GPU
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Accessor for NVIDIA A100 GPU
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Accessor for NVIDIA A100 GPU

Performance	algorithm	achieves	with	standard	memory	access.

5/18/2113

Alg.	1



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Accessor for NVIDIA A100 GPU

Performance	algorithm	achieves	with	standard	memory	access.

Performance	algorithm	achieves	with	memory	accessor.

5/18/2114

Alg.	1



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor5/18/21

Memory accessor for memory-bound routines

15

Design
• Memory	access	in	low	precision	 (e.g.	fp32);
• Computations	 in	high	precision	(e.g.	fp64);

Characteristics
• Performance	of	low	precision	routine;
• Higher	accuracy	of	low	precision	 routine;

Usage
1. Accessor-BLAS	can	replace	low	precision	BLAS	to	increase	accuracy;
2. Accessor-BLAS	can	replace	high	precision	BLAS	if	information	 loss	is	acceptable;

(without	having	 to	deal	with	explicit	mixed	precision	usage)



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor5/18/21

GEMV

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA	V100	GPU	(Summit)

16



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor5/18/21

GEMV

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA	V100	GPU	(Summit)

uniform	random	values	[-1,1]
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor5/18/21

GEMV

DOT

Random	value	distribution	 [-1,1]

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA	V100	GPU	(Summit)

uniform	random	values	[-1,1]

uniform	random	values	[-1,1]
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor5/18/21

GEMV

DOT

Random	value	distribution	 [-1,1]

Accessor-BLAS: Replacing LP BLAS to improve accuracy

NVIDIA	V100	GPU	(Summit)

uniform	random	values	[-1,1]

uniform	random	values	[0,1]
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• No,	not	 in	general.

• Yes,	in	some	cases.

• We	need	to	adapt	the	approach	to	the	application	&	data.

Two	possibilities	in	the	context	of	solving	linear	systems:

• “Self-healing”	iterative	methods;
• Approximate	linear	operators;

5/18/21

Can	we	use	the	memory	accessor	to	accelerate	applications	by	
compressing	data	without	changing	the	application	output?

20

Rethinking Algorithms: Use the accessor to boost performance



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Rethinking Algorithms I: Self-Healing Iterative Methods

5/18/2121



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Krylov iterative	solvers
• Krylov methods	aim	at	approximating	the	solution	to	a	

linear	problem	in	a	subspace.
• Over	the	iterations,	a	nested	sequence	of	Krylov subspaces

is	generated,	adding	one	basis	vector	in	each	iteration.

• Orthonormalization ensures	a	orthonormal	basis	is	formed	
(Classical	Gram-Schmidt,	Modified	Gram	Schmidt…).

Rethinking Algorithms I: Self-Healing Iterative Methods

K0 ⇢ K1 ⇢ K2 ⇢ . . .

Ki(A, r) = span{b, Ab,A2b, . . . Ai�1b}

x

x

⇤

*GMRES	in	the	modular	precision	ecosystem

K1
<latexit sha1_base64="2SOi/n4A5efGSsF0K8nyA/zHsK0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ9KWqe4KbgQ3Fe0D2qFk0kwbmskMSUYoQz/BjQtF3PpF7vwbM20FFT1w4XDOvdx7T5AIrg1CH87K6tr6xmZhq7i9s7u3Xzo4bOs4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnmFzmfueeKc1jeWemCfMjMpI85JQYK91eD/CgVEYurmFc9yByq16tjnLiVS8q2IPYRXOUwRLNQem9P4xpGjFpqCBa9zBKjJ8RZTgVbFbsp5olhE7IiPUslSRi2s/mp87gqVWGMIyVLWngXP0+kZFI62kU2M6ImLH+7eXiX14vNeG5n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXGxzeqmVm6gZRwFcAxOwBnAoA4a4Ao0QQtQMAIP4Ak8O8J5dF6c10XrirOcOQI/4Lx9AisVjao=</latexit><latexit sha1_base64="2SOi/n4A5efGSsF0K8nyA/zHsK0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ9KWqe4KbgQ3Fe0D2qFk0kwbmskMSUYoQz/BjQtF3PpF7vwbM20FFT1w4XDOvdx7T5AIrg1CH87K6tr6xmZhq7i9s7u3Xzo4bOs4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnmFzmfueeKc1jeWemCfMjMpI85JQYK91eD/CgVEYurmFc9yByq16tjnLiVS8q2IPYRXOUwRLNQem9P4xpGjFpqCBa9zBKjJ8RZTgVbFbsp5olhE7IiPUslSRi2s/mp87gqVWGMIyVLWngXP0+kZFI62kU2M6ImLH+7eXiX14vNeG5n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXGxzeqmVm6gZRwFcAxOwBnAoA4a4Ao0QQtQMAIP4Ak8O8J5dF6c10XrirOcOQI/4Lx9AisVjao=</latexit><latexit sha1_base64="2SOi/n4A5efGSsF0K8nyA/zHsK0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ9KWqe4KbgQ3Fe0D2qFk0kwbmskMSUYoQz/BjQtF3PpF7vwbM20FFT1w4XDOvdx7T5AIrg1CH87K6tr6xmZhq7i9s7u3Xzo4bOs4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnmFzmfueeKc1jeWemCfMjMpI85JQYK91eD/CgVEYurmFc9yByq16tjnLiVS8q2IPYRXOUwRLNQem9P4xpGjFpqCBa9zBKjJ8RZTgVbFbsp5olhE7IiPUslSRi2s/mp87gqVWGMIyVLWngXP0+kZFI62kU2M6ImLH+7eXiX14vNeG5n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXGxzeqmVm6gZRwFcAxOwBnAoA4a4Ao0QQtQMAIP4Ak8O8J5dF6c10XrirOcOQI/4Lx9AisVjao=</latexit><latexit sha1_base64="2SOi/n4A5efGSsF0K8nyA/zHsK0=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ9KWqe4KbgQ3Fe0D2qFk0kwbmskMSUYoQz/BjQtF3PpF7vwbM20FFT1w4XDOvdx7T5AIrg1CH87K6tr6xmZhq7i9s7u3Xzo4bOs4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnmFzmfueeKc1jeWemCfMjMpI85JQYK91eD/CgVEYurmFc9yByq16tjnLiVS8q2IPYRXOUwRLNQem9P4xpGjFpqCBa9zBKjJ8RZTgVbFbsp5olhE7IiPUslSRi2s/mp87gqVWGMIyVLWngXP0+kZFI62kU2M6ImLH+7eXiX14vNeG5n3GZpIZJulgUpgKaGOZ/wyFXjBoxtYRQxe2tkI6JItTYdIo2hK9P4f+kXXGxzeqmVm6gZRwFcAxOwBnAoA4a4Ao0QQtQMAIP4Ak8O8J5dF6c10XrirOcOQI/4Lx9AisVjao=</latexit>
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Krylov iterative	solvers
• Krylov methods	aim	at	approximating	the	solution	to	a	

linear	problem	in	a	subspace.
• Over	the	iterations,	a	nested	sequence	of	Krylov subspaces

is	generated,	adding	one	basis	vector	in	each	iteration.

• Orthonormalization ensures	a	orthonormal	basis	is	formed	
(Classical	Gram-Schmidt,	Modified	Gram	Schmidt…).

Rethinking Algorithms I: Self-Healing Iterative Methods

K0 ⇢ K1 ⇢ K2 ⇢ . . .

Ki(A, r) = span{b, Ab,A2b, . . . Ai�1b}

x

x

⇤

K2

*GMRES	in	the	modular	precision	ecosystem
5/18/2123



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Krylov iterative	solvers
• Krylov methods	aim	at	approximating	the	solution	to	a	

linear	problem	in	a	subspace.
• Over	the	iterations,	a	nested	sequence	of	Krylov subspaces

is	generated,	adding	one	basis	vector	in	each	iteration.

• Orthonormalization ensures	a	orthonormal	basis	is	formed	
(Classical	Gram-Schmidt,	Modified	Gram	Schmidt…).

Rethinking Algorithms I: Self-Healing Iterative Methods

K0 ⇢ K1 ⇢ K2 ⇢ . . .

Ki(A, r) = span{b, Ab,A2b, . . . Ai�1b}

x

x

⇤

K2

Compressed	Basis	(CB-)	GMRES

• Use	double	precision	in	all	arithmetic	operations;

• Store	Krylov basis	vectors	in	lower	precision;
• Search	directions	are	no	longer	DP-orthogonal;
• Hessenberg system	maps	solution	to	“perturbed”	

Krylov subspace;
• Additional	iterations	may	be	needed;
• As	long	as	the	 loss-of-orthogonality	 is	moderate,	

we	should	see	moderate	convergence	degradation;

5/18/2124



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor
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https://ginkgo-project.github.io/

Impact	example:
Serena	test	matrix	(Suite	Sparse)

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

Compressed Basis (CB-) GMRES

• Krylov iterative	solvers
• Krylov methods	aim	at	approximating	the	solution	to	a	

linear	problem	in	a	subspace.
• Over	the	iterations,	a	nested	sequence	of	Krylov subspaces

is	generated,	adding	one	basis	vector	in	each	iteration.

• Orthonormalization ensures	a	orthonormal	basis	is	formed	
(Classical	Gram-Schmidt,	Modified	Gram	Schmidt…).

Compressed	Basis	(CB-)	GMRES

• Use	double	precision	in	all	arithmetic	operations;

• Store	Krylov basis	vectors	in	lower	precision;
• Search	directions	are	no	longer	DP-orthogonal;
• Hessenberg system	maps	solution	to	“perturbed”	

Krylov subspace;
• Additional	iterations	may	be	needed;
• As	long	as	the	 loss-of-orthogonality	 is	moderate,	

we	should	see	moderate	convergence	degradation;

arithmetic	precision				memory	precision

5/18/2125

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Compressed Basis GMRES

• CB-GMRES	using	32-bit	storage	
preserves	DP	accuracy	
(SP-GMRES	does	not)

• Speedups	 problem-dependent

• Speedup	 ∅1.4x	(for	restart	100)

• 16-bit	storage	mostly	inefficient

5/18/21

NVIDIA	A100	GPU

26

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>

MGS-GMRES<fp64,fp64>
GMRES<fp64,fp64>
MGS-GMRES<fp32,fp32>
GMRES<fp64,fp32>
GMRES<fp64,fp16>
GMRES<fp64,int32>
GMRES<fp64,int16>



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Rethinking Algorithms II: Approximate Linear Operators

5/18/2127



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Preconditioning	iterative	solvers.

• Idea:	Approximate	inverse	of	system	matrix	to	make	the	system	“easier	to	solve”:

and	solve																																																																																													.

• Block-Jacobi	preconditioner	is	based	on	block-diagonal	scaling:

• Each	block	corresponds	to	one	(small)	linear	system.

• Larger blocks	typically	improve	convergence.

• Larger blocks	make	block-Jacobi	more	expensive.

Ax = b , P

�1
Ax = P

�1
b , Ãx = b̃

<latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit>

P�1 ⇡ A�1
<latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit>

P = diagB(A)
<latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit>

Rethinking Algorithms II: Approximate Linear Operators
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Preconditioning	iterative	solvers.

• Idea:	Approximate	inverse	of	system	matrix	to	make	the	system	“easier	to	solve”:

and	solve																																																																																													.

• Block-Jacobi	preconditioner	is	based	on	block-diagonal	scaling:

• Each	block	corresponds	to	one	(small)	linear	system.

• Larger blocks	typically	improve	convergence.

• Larger blocks	make	block-Jacobi	more	expensive.

• Why	should	we	store	the	preconditioner	matrix										in	full	(high)	precision?	

• Use	the	accessor	to	store	the	inverted	diagonal	blocks	in	lower	precision.

• Be	careful	to	preserve	the	regularity	of	each	inverted	diagonal	block!

Ax = b , P

�1
Ax = P

�1
b , Ãx = b̃

<latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit><latexit sha1_base64="IUm2v07pZRAFXId01jf8VRSrjc8="></latexit>

P�1 ⇡ A�1
<latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit><latexit sha1_base64="w1QOo3Lu6ctNF0cuiHu2ZcTuJXs=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBjWVGBF1W3LisYB/QjiWTZtrQTCYkGbEOxV9x40IRt/6HO//GtJ2Fth64cHLOveTeE0rOtPG8b2dhcWl5ZbWwVlzf2Nzadnd26zpJFaE1kvBENUOsKWeC1gwznDalojgOOW2Eg6ux37inSrNE3JqhpEGMe4JFjGBjpY67X73LTvxRG0upkgd0OXl13JJX9iZA88TPSQlyVDvuV7ubkDSmwhCOtW75njRBhpVhhNNRsZ1qKjEZ4B5tWSpwTHWQTbYfoSOrdFGUKFvCoIn6eyLDsdbDOLSdMTZ9PeuNxf+8VmqiiyBjQqaGCjL9KEo5MgkaR4G6TFFi+NASTBSzuyLSxwoTYwMr2hD82ZPnSf207Htl/+asVPHyOApwAIdwDD6cQwWuoQo1IPAIz/AKb86T8+K8Ox/T1gUnn9mDP3A+fwBY7pRw</latexit>

P = diagB(A)
<latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit><latexit sha1_base64="cWbhV9KG5hrOX4Bkq4cxlOw7tGs=">AAAB9HicbVDLSgMxFL3xWeur6tJNsAh1U2ZE0I1QdeOygn1AO5RMmmlDM5kxyRTK0O9w40IRt36MO//GTDsLbT0QOJxzL7nn+LHg2jjON1pZXVvf2CxsFbd3dvf2SweHTR0lirIGjUSk2j7RTHDJGoYbwdqxYiT0BWv5o7vMb42Z0jySj2YSMy8kA8kDTomxklfH17jPyaB3W7k565XKTtWZAS8TNydlyFHvlb66/YgmIZOGCqJ1x3Vi46VEGU4Fmxa7iWYxoSMyYB1LJQmZ9tLZ0VN8apU+DiJlnzR4pv7eSEmo9ST07WRIzFAvepn4n9dJTHDlpVzGiWGSzj8KEoFNhLMGbF7FqBGTLDhV3N6K6ZAoQo3tqWhLcBcjL5PmedV1qu7DRbnm5HUU4BhOoAIuXEIN7qEODaDwBM/wCm9ojF7QO/qYj66gfOcI/gB9/gBqHZB/</latexit>

P�1
<latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="BEMzmEWmgoiOphLrClNLdHTTYCg=">AAAB4nicbZBLSwMxFIXv1FetVatbN8EiuLHMuNGl4MblCPYB7VgyaaaNzSRDckcoQ/+DGxeK+KPc+W9MHwttPRD4OCch9544k8Ki7397pY3Nre2d8m5lr7p/cFg7qraszg3jTaalNp2YWi6F4k0UKHknM5ymseTteHw7y9vP3Fih1QNOMh6ldKhEIhhFZ7XCx+IimPZrdb/hz0XWIVhCHZYK+7Wv3kCzPOUKmaTWdgM/w6igBgWTfFrp5ZZnlI3pkHcdKppyGxXzaafkzDkDkmjjjkIyd3+/KGhq7SSN3c2U4siuZjPzv6ybY3IdFUJlOXLFFh8luSSoyWx1MhCGM5QTB5QZ4WYlbEQNZegKqrgSgtWV16F12Qj8RnDvQxlO4BTOIYAruIE7CKEJDJ7gBd7g3dPeq/exqKvkLXs7hj/yPn8A1TiNYg==</latexit><latexit sha1_base64="w156NBr6Y47Z3n9Qpf3wSvTl1dM=">AAAB4nicbZBLSwMxFIXv+Ky1anXrJlgENw6J4GsnuHFZwT6gHUsmTdvYTDIkGaEM/Q9uXCjij3LnvzF9gFo9EPg4JyH3njiVwjqMP4Ol5ZXVtfXCRnGztLW9U94t1a3ODOM1pqU2zZhaLoXiNSec5M3UcJrEkjfi4fUkbzxyY4VWd26U8iihfSV6glHnrXr1Pj8m4065gsNTTC7PCMIhnuobyBwqMFe1U/5odzXLEq4ck9TaFsGpi3JqnGCSj4vtzPKUsiHt85ZHRRNuo3w67RgdeqeLetr4oxyauj9f5DSxdpTE/mZC3cAuZhPzv6yVud5FlAuVZo4rNvuol0nkNJqsjrrCcObkyANlRvhZERtQQ5nzBRV9CWRx5b9QPwkJDskthgLswwEcAYFzuIIbqEINGDzAE7zAa6CD5+BtVtdSMO9tD34peP8C9OCNeA==</latexit><latexit sha1_base64="qcs7j+kakYO5hoDmC/YOQHTrb0U=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBHcWBLB167gxmUF+4B2LJk008ZmJkOSEcrQf3DjQhG3/o87/8a0HVCrBy4czrmXe+8JEimMxfjTW1hcWl5ZLawV1zc2t7ZLO7sNo1LNeJ0pqXQroIZLEfO6FVbyVqI5jQLJm8HwauI3H7g2QsW3dpRwP6L9WISCUeukRu0uOybjbqmMK6eYXJ4RhCt4im9CclKGHLVu6aPTUyyNeGyZpMa0CU6sn1FtBZN8XOykhieUDWmftx2NacSNn02vHaNDp/RQqLSr2KKp+nMio5ExoyhwnRG1AzPvTcT/vHZqwws/E3GSWh6z2aIwlcgqNHkd9YTmzMqRI5Rp4W5FbEA1ZdYFVHQhkPmX/5LGSYXgCrnB5SrO4yjAPhzAERA4hypcQw3qwOAeHuEZXjzlPXmv3tusdcHLZ/bgF7z3LxYhjro=</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit><latexit sha1_base64="PbTkJbbWDP7JldGR2QEAaTNHcRs=">AAAB7XicbVDLSgMxFM3UV62vqks3wSK4cUjE567gxmUF+4B2LJk008ZmkiHJCGXoP7hxoYhb/8edf2PaDqjVAxcO59zLvfeEieDGIvTpFRYWl5ZXiqultfWNza3y9k7DqFRTVqdKKN0KiWGCS1a33ArWSjQjcShYMxxeTfzmA9OGK3lrRwkLYtKXPOKUWCc1anfZER53yxXknyJ8eYYh8tEU3wTnpAJy1Lrlj05P0TRm0lJBjGljlNggI9pyKti41EkNSwgdkj5rOypJzEyQTa8dwwOn9GCktCtp4VT9OZGR2JhRHLrOmNiBmfcm4n9eO7XRRZBxmaSWSTpbFKUCWgUnr8Me14xaMXKEUM3drZAOiCbUuoBKLgQ8//Jf0jj2MfLxzUmlivI4imAP7INDgME5qIJrUAN1QME9eATP4MVT3pP36r3NWgtePrMLfsF7/wIXYY6+</latexit>

Rethinking Algorithms II: Approximate Linear Operators
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

+ Regularity	preserved;

+ Flexibility	in	the	accuracy;

+ ”Not	a	low	precision	preconditioner”

+ Preconditioner	is	a	constant	operator;

+ No	flexible	Krylov solver	needed	;

- Overhead	of	the	precision	detection	

(condition	number	calculation);

- Overhead	from	storing	precision	information

(need	to	additionally	store/retrieve	flag);

- Speedups	 /	preconditioner	quality	problem-dependent;

• Choose	how	much	accuracy	of	the	preconditioner
should	be	preserved	in	the	selection	of	the	storage	format.

• All	computations	use	double	precision,	
but	store	blocks	in	lower	precision.

Mixed Precision Preconditioning

5/18/2130



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor
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Mixed Precision Preconditioning
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor
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Mixed Precision Preconditioning
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor
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Mixed Precision Preconditioning
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Experiments	based	on	the	Ginkgo	library	https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double	Precision	CG	+	Double	Precision	Preconditioner

Linear	System	Ax=b	with	cond(A)	≈	107 (	apache2	from	SuiteSparse )	

Mixed Precision Preconditioning

Accuracy	improvement	~10-9

NVIDIA	A100	GPU

5/18/2134

relative	residual	accuracy	≈	(	unit	round-off	)	*	(linear	system’s	condition	number)
N.	Higham:	Accuracy	and	stability	of	numerical	algorithms.	SIAM,	2002.



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Experiments	based	on	the	Ginkgo	library	https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double	Precision	CG	+	Double	Precision	Preconditioner

Linear	System	Ax=b	with	cond(A)	≈	107 (	apache2	from	SuiteSparse )	

Mixed Precision Preconditioning

Accuracy	improvement	~10-9

NVIDIA	A100	GPU
…

- ValueType = double; //u=1e-16
+ ValueType = float; //u=1e-7

…

5/18/2135



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Experiments	based	on	the	Ginkgo	library	https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Single	Precision	CG	+	Single	Precision	PreconditionerDouble	Precision	CG	+	Double	Precision	Preconditioner

Linear	System	Ax=b	with	cond(A)	≈	107 (	apache2	from	SuiteSparse )	

Mixed Precision Preconditioning

No	improvementAccuracy	improvement	~10-9

NVIDIA	A100	GPU

relative	residual	accuracy	≈	(	unit	round-off	)	*	(linear	system’s	condition	number)
N.	Higham:	Accuracy	and	stability	of	numerical	algorithms.	SIAM,	2002.

5/18/2136



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Experiments	based	on	the	Ginkgo	library	https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double	Precision	CG	+	Mixed	Precision	PreconditionerDouble	Precision	CG	+	Double	Precision	Preconditioner

Linear	System	Ax=b	with	cond(A)	≈	107 (	apache2	from	SuiteSparse )	

Mixed Precision Preconditioning

NVIDIA	A100	GPU

5/18/21

Accuracy	improvement	~10-9
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Experiments	based	on	the	Ginkgo	library	https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double	Precision	CG	+	Mixed	Precision	PreconditionerDouble	Precision	CG	+	Double	Precision	Preconditioner

Linear	System	Ax=b	with	cond(A)	≈	107 (	apache2	from	SuiteSparse )	

Mixed Precision Preconditioning

NVIDIA	A100	GPU

5/18/21

Accuracy	improvement	~10-9 Accuracy	improvement	~10-9
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Experiments	based	on	the	Ginkgo	library	https://ginkgo-project.github.io/
ginkgo/examples/adaptiveprecision-blockjacobi/adaptiveprecision-blockjacobi.cpp

Double	Precision	CG	+	Mixed	Precision	PreconditionerDouble	Precision	CG	+	Double	Precision	Preconditioner

Linear	System	Ax=b	with	cond(A)	≈	107

16%	runtime	improvement

(	apache2	from	SuiteSparse )	

Mixed Precision Preconditioning

NVIDIA	A100	GPU

5/18/2139

Accuracy	improvement	~10-9 Accuracy	improvement	~10-9



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Sp
ee
du
p

2

4

0.5

0.25

1

NVIDIA	A100	GPU

5/18/2140



H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor
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Problems	where	the	preconditioner	has	higher	accuracy	than	2	digits.	
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor
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5/18/21

~	16%	faster

Flegar,	Anzt,	Cojean,	Quintana-Orti.	”Customized-Precision	Block-Jacobi	Preconditioning	for	
Krylov Iterative	Solvers	on	Data-Parallel	ManycoreProcessors”. TOMS,	2021.

Artifact	Evaluation:	https://github.com/ginkgo-project/ginkgo-data/tree/2019toms-adaptive-bj

Production-ready	code:	https://ginkgo-project.github.io
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Preconditioning	iterative	solvers.

• Idea:	Approximate	inverse	of	system	matrix	to	make	the	system	“easier	to	solve”:

and	solve																																																																																										.

• Sparse	Approximate	Inverse	Preconditioner	

• and	sparse	

• Incomplete	Sparse	Approximate	Inverse	(ISAI)	

uses	sparsity	pattern	of				;

• Factorized	Sparse	Approximate	Inverse	(FSPAI)	

stores	inverse	approximation	in	factorized	form;

Mixed Precision Sparse Approximate Inverse

A
<latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit>

P�1 ⇡ A�1
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M ⇡ A�1
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5/18/21

Ax = b , P
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Ax = P

�1
b , Ãx = b̃
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

• Preconditioning	iterative	solvers.

• Idea:	Approximate	inverse	of	system	matrix	to	make	the	system	“easier	to	solve”:

and	solve																																																																																										.

• Sparse	Approximate	Inverse	Preconditioner	

• and	sparse	

• Incomplete	Sparse	Approximate	Inverse	(ISAI)	

uses	sparsity	pattern	of				;

• Factorized	Sparse	Approximate	Inverse	(FSPAI)	

stores	inverse	approximation	in	factorized	form;

• Use	the	accessor	to	store	the	preconditioner	 in	lower	precision.

Mixed Precision Sparse Approximate Inverse

A
<latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit><latexit sha1_base64="lN782Ek/ESYCTZvFKWFphMFonGc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeKF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipeTsoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXvK7U3TyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AjXOMsw==</latexit>

Göbel at	al:	Mixed	Precision	Incomplete	and	Factorized	Sparse	Approximate	Inverse	Preconditioning	on	GPUs,	EuroPar 2021.
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H.	Anzt:	Pushing	the	Roofline:	A	Modular	Precision	Ecosystem	Based	on	a	Memory	Accessor

Mixed Precision Sparse Approximate Inverse
ISAI

• ~10%	speedup	 for	ISAI<fp64,fp32>	
• ~20%	speedup	 for	ISAI<fp64,fp16>	- but	unstable!	

Göbel at	al:	Mixed	Precision	Incomplete	and	Factorized	Sparse	Approximate	Inverse	Preconditioning	on	GPUs,	EuroPar 2021.
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Mixed Precision Sparse Approximate Inverse
ISAI FSPAI

• ~10%	speedup	 for	ISAI<fp64,fp32>	
• ~20%	speedup	 for	ISAI<fp64,fp16>	- but	unstable!	

• ~15%	speedup	 for	FSPAI<fp64,fp32>
• ~25%	speedup	 for	FSPAI<fp64,fp16>

Göbel at	al:	Mixed	Precision	Incomplete	and	Factorized	Sparse	Approximate	Inverse	Preconditioning	on	GPUs,	EuroPar 2021.
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Numerical Algorithms in a Modular Precision Ecosystem

5/18/21

• Need	to	decouple arithmetic	precision	from	
memory	precision	and	consider	
on-the-fly	compression	of	data;

• Need	to	re-engineer	algorithms	to	cope	
with	mixed	precision	/	data	compression;

• Accessor-BLAS can	for	free	provide	higher	
accuracy	for	BLAS-1	&	BLAS-2	operations;

• If	data	compression	is	acceptable,	accessor	
can	accelerate	memory-bound	applications;

• self-healing	iterative	methods
• preconditioners
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• Need	to	decouple arithmetic	precision	from	
memory	precision	and	consider	
on-the-fly	compression	of	data;

• Need	to	re-engineer	algorithms	to	cope	
with	mixed	precision	/	data	compression;

• Accessor-BLAS can	for	free	provide	higher	
accuracy	for	BLAS-1	&	BLAS-2	operations;

• If	data	compression	is	acceptable,	accessor	
can	accelerate	memory-bound	applications;

• self-healing	iterative	methods
• preconditioners
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• Accessor-BLAS	coverage	for	BLAS-1	&	BLAS-2	;

• Non-standard	formats	tuned	to	data;

• Compression	techniques;

• Accessor	in	other	applications	&	algorithms;

Moving	forward
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Numerical Algorithms in a Modular Precision Ecosystem
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• Need	to	decouple arithmetic	precision	from	
memory	precision	and	consider	
on-the-fly	compression	of	data;

• Need	to	re-engineer	algorithms	to	cope	
with	mixed	precision	/	data	compression;

• Accessor-BLAS can	for	free	provide	higher	
accuracy	for	BLAS-1	&	BLAS-2	operations;

• If	data	compression	is	acceptable,	accessor	
can	accelerate	memory-bound	applications;

• self-healing	iterative	methods
• preconditioners
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Mixed	Precision	Iterative	Refinement

~20%	solver	improvement

Few	%	solver	improvement

~10%	solver	improvement

Multiprecision Focus	Effort	within	ECP

• Collaborative	Effort	within	US	Exascale Computing	 Effort
• Develop	&deploy	mixed	/	multiprecision algorithms	for	HPC

• Accessor-BLAS	coverage	for	BLAS-1	&	BLAS-2	;

• Non-standard	formats	tuned	to	data;

• Compression	techniques;

• Accessor	in	other	applications	&	algorithms;

Moving	forward
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Accessor for AMD MI100 GPU
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Accessor for Intel Skylake CPU
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Accessor for AMD EPYC CPU
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